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symmetn.UA/ternntingProductsDef-:SuppuseV,WanlF-vs
.

Then a multilinear function

fiv×÷V .
→ W is

1) Iet if fly .vn, _ . , un)= fun ,Vik . ,lk* )
= - - - -

= the same if I permit the order
ex) fivxv-7W flu

, ,
Vil : flu

,
Vi )

2)⇔ if f- IV ,
, . . ,

Va) :O whenever

Vi = Vj for some i.=/j

ex) 1k¥ : f :v≠v→w is alternating iff

f-(VN) - o



exl Suppose f.vxv → W is aHy .

then

flv.in = - twin (this is called etr)
Ptl (maykHwYes

(Rink?The men generally than 2 vector spaces)



We saw before that a bile map

f. vxv → W

is the " same thing
"

as a€ map

I :* → W

Now
,
what if this f was atg ?

• if V1 = V2 we have

0 =É = IN, ④Ve)

•That is the subspace



N :( vow / v.v) ≤ Kerli)

will be contained in the of I

lbigwedge
'

• We consider the -9kt and denote

AYV) : = V VIN

( call this the (secund) exterior power of V )
• the coset of v. ☒ is in ATV) is denoted

Ev . wedge vi. )



Why? Universal Prop of quotient ! We saw above
that if

fivxv → W

is a-team

then the induced map
I :# → w

contains N_ in ↑)

->
We get a wall defined

map

¥ : → w



Ñ The composite
'

'

Vxv -s# →v)
is alternating .

_

Moreover, given any alternating map

f. vxv →W

there's
uuniyve map

I :# →w

such that



Vxv f-sw ( ie flunk = fcv.ir) )
↓

man
.

-

"

- it

☒hut is there's a bijection
Altcvxv, W) =L Citv ) , W )

)
so to define a map out ofA
one just delves aÑip Vxv -0W and verifies

it is alternating



ex) Prove then is a unique linear map
14h - >#

that -sends Vinh V. 04 - Vc⊕Y

Pf) Define fivxv → V⊕V
flu , ,Vu) = V1 ④VL - V2 V1

Verify f- is bitnew and alternating .
flv.tv,

'

,
Ve ) a lvitvi ) ④Ve - Ve ④14th' )

= V , ④Vet V1
'
V2 - Ve④V1 - Ve ☒Vi

/

= fly
,volt flu,

'

,
Vi)

Also flyv) a van - voxv =D I
→ 7 ! § : MTV)->VON st FlunkKhan -40+4



Gestion
1)What does it mean that v. we = 0 ?

A-
'

.
Vinh = 0 ⇔ every alternating bilinear map fivxv -0W

has flu , ,h ) = 0

2) What does it mean that Mv) :O ?

A-INCH :O⇔ every bilinear alternating map
f. Vxv →w vanishes everywhere
[fly. ,vu1=0 thin )



(1) What does it mean to say that a 6--0

A-
'

. 90×6=0 ⇔ every bilinear map fi.VN
-0W

must have flu
,
61=0

Pf) 'i⇐" Assume every bilinear map fivxv-0W has
flu,b)=0 . Then actb = Tila

,
b) = 0

¥>
" Assume a☒b=0 and let fivxv-0W

be a hitman
map

f- la, b) = Ica☒b)
= Ilo)
= 0

]



3) What does it mean to say
v.nvivinvi ?

'

,
Vince Vink⇔ every alternating bilinear

map
f !V×v→w

has flvyvi) = flu , ',vi)

alternating

Rmd: All this works for mÉi maps
f. v. v. →w

→ get the space A
"

(V ) for all K



G) Suppose V is n- dmi Show in Hw that if Kon

then any alternating map* fivx - ✗ → W is 0

¥m,

→ if K > domv then /
"
( V ) = 0

: what if k=dmV ?



ex) Suppose V is 2-dim with bass Bu :(v.
,
Va)

.

lets compute the
"

elementary wedge
"

Cav, + bvu) n Ccu , + due )
0

= acv¥) t adVinh tbcunhtbdv.tk
V.Me = - Vent

~ =

adf.nl/~)-belViAVi7=(ad-bo)VinVu
SO

interesting - - - - -



wedgeproduots-k.de
•We saw above that

,
if K > dimv then

A"lV ) = 0

• Campari to dmlV⊕Éi)= )

•We saw that
,
for a 2-dm US with buss (vi.Vu)

wedge Cautabvulnccvitdvu )

=
Cad-be) vine



Thy:(Notes) Let dmV=n . Then

Im /
"
(V ) -

"
n choose k "

It B--Cv _ Vn) is a basis for V then

E- ( vi. ^ - irvin 'll ≤ i. ≤ .
. ≤ iv. ≤n )

is a bass fr /
"

( V )



'

.
1) If I :(v.vn) basis for V then

dm /14h) :

with basis

@ = µ ,Avi ,414,414 .
- -

,
Vinh

,
VIV} - - , UM, ]V31V4

, .
- -

,
V3/Vn

,
- - - . ,

Un - i AVN

ex) 3=14 , vi. us) then for ATV )

E. IV. Ah , MM} , Vans)



Note that domain )= }

So 17h =V

ltorisapwticdaiisomnphsm-inthecase-V.RS
ex) D= (ei , eyes) be standard basis for 1123

Define the isomorphism 141127=>1123 by
• e. see → es

(A) •

e. re}
-o -e. ( '

• ezre, -> e,

(why is this an iso ? )



Then compute (aeitibeitcesln ( a'e. table, ties )
- = ab ' einen tac'eines - a'bearer + be

'

eales
'

- a'ce, leg - b
'
e eine}

=(all- a' b.) einer + Cac ' - a'c) eines 1- (bi - b'c) are}

↓ (As)

(bi - lya'c- ac
'

all ' - a'6

Look
up formula for .pÉt!



2) dim (Mcv )) - 1- Cv . - - un )

with basis

E :( V.Minks 1- - run )

ex) B:(vi.Vu)

e. iv.no


